Partial-state fidelity and quantum phase transitions induced by continuous level crossing 
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The global-state fidelity cannot characterize those quantum phase transitions (QPTs) induced by continu- 
ous level crossing due to its collapse around each crossing point. In this paper, we take the isotropic Lipkin- 
Meshkov-Glick (LMG) model and the antiferromagnetic one-dimensional Heisenberg model as examples to 
show that the partial-state fidelity can signal such level-crossing QPTs. Extending to the thermodynamic limit 
we introduce the partial-state fidelity susceptibility and study its scaling behavior. The maximum of the partial- 
state fidelity susceptibility goes like A' for the LMG model and A'^ for the Heisenberg model. 
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It has been an interesting issue for merging quantum phase 
transitions (QPTs) and fidelity. The former one is noticed by 
the observation of quantities undergoing structural changes 
around some critical points |[l|], while the latter one mea- 
sures the amount of relevance for two quantum ground states 
of the system differed by some parameters [2J. A physical 
phenomenon is then associated with a pure quantum informa- 
tional consideration HmSI^. The fidelity approach brings 
advantages to the characterization of QPTs, because by com- 
paring the states, no a priori knowledge to the order parame- 
ter, symmetry, and type of QPTs of the system are required. 
The fidelity approach has been examined in various models 
and proved its abihty in characterizing QPTs |7t [sj [ot [Toj [Till . 
This suggests experimental measurements of the quantum 
state itself which is a rather challenging task. Leading or- 
der of the fidelity has been suggested as well fv2, ^v}\, for its 
critical exponents and divergence helps classification of the 
universahty of the system ITllTsllTeillTilTsll. 

However, there are still limitations to the fidelity approach. 
It is useful to study ground states of some continuous vari- 
ables, but unable to describe discrete global ground states, i.e. 
states with fixed quantum numbers within a certain continu- 
ous range of parameters. Especially when the driving Hamil- 
tonian commutes with the whole Hamiltonian, the leading or- 
der of the fidelity is not well-defined. To tackle this problem, 
the partial-state fidelity was introduced [T^ . It concerns 
the quantum relevance of part of a system with respect to a 
global change of the parameter. It has been investigated in 
characterizing the QPTs in the XY model, a three-body inter- 
acting model |6] and a conventional BCS superconductor with 
an inserted magnetic impurity system |19]. In addition, the 
operator fidelity susceptibility was also introduced and was 
shown that it can signal QPTs regardless of the degeneracy 
of the system |20]. However, attention to those phase transi- 
tions of continuous level crossing were not paid under their 
definitions. 

In this paper, we put our attention on thermodynamic sys- 
tems in which continuous level crossing occurs. One is the 
isotropic Lipkin-Meshkov-Glick (LMG) model introduced in 
nuclear physics 1I2TI1 . which is related to Bose-Einstein con- 



densation and Josephson junctions. We make use of its exact 
spectrum to obtain the partial-state fidelity. The other one is 
the one-dimensional Heisenberg model, where we adopt the 
Bethe-Ansatz method to compute the ground state energy, as 
well as the required reduced density matrix. We show that 
the partial-state fidelity can be used to locate the critical point 
for these two models. We defined the corresponding fidelity 
susceptibility and perform scaling analysis. 

Let a system be parameterized by h, with its density op- 
erator p(/i) - \V{h))(^{h)\ coiTesponds to the ground state 
|*P(/i)). When h is displaced by 5h such that h - h + 6h, the 
density operator becomes p(h) = |*P(/!)^ ^*i'(/!)|, the fidelity is 
defined according to their respective density operator 



F(h,h) = i:r^~^j^(^pOiy^) 
= mh)mh))\- 



(1) 



If the system is divided into two subsystems A and B, the 
reduced density operator pA(h) - Tispih) contributes to the 
partial-state fidelity 



Fa [h, h) = Tr ^f^/^^(^p^^i)^/^. (2) 

The partial state of subsystem A can be a single-site state 
or a two-site state, or even a larger subsystem state. For 
convenience in this paper we consider tracing out all parti- 
cles but one. So for a system with definite magnetization M, 
one can make use of the on-site average magnetization basis 
{o-~} = 2M/N, where is the number of spins, to trace out 
the density operator This left us the diagonal reduced density 
matrix PaW 



PaW = 



1 / 1 + (tr^> 






1 - {cr^} 



(3) 



Consider a system of size A^ with a set of discrete ground 
state level-crossing points [hj], where j = 0, 1,2... and hj > 
hj+i- Let the partial state within a range 
with an average magnetization (cr^y, the partial-state fidelity 
at hj is defined by 
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FAihj) = Tr 

U\+{cr-)j \/'l+<cr~y+i 

A\ \-{o-'y]\ i-<o-~y+' 



(4) 



It is the trace of the reduced density matrices at two sides. 
The non-unity of Eq. ^ signals the level crossing when {cr^) 
changes. 

The isotropic LMG model: The model reads 

^^LMG = --^ J](<cri + (r;,cr^;)-/! J]cr^ 

= --isl + Sl)-2hS. + - 



= --{S^ -Sl-N/2)-2hS,, 



(5) 



For (TidK - x,y,z) are the Pauli matrices, and S ^ - Zi/ 0"ff/2- 
It describes a system of mutually interacting spins subjected 
to a transverse external field of strength h. The ground state 
lies in the maximum spin sector S = N/2. For it is diagonal 
in the basis \N/2, M) , its eigenenergies are given by 

E(M,h)^^[M-'fJ-^{l.h^). (6) 



The ground state is determined by the minimum of the square, 

h > 1 



Mr, 



2 



I '(f) 



(7) 



0<h<l 



where I{x) gives the integer part of x. It can be shown that 
ground state level crossing occurs at some hj s 1 - (2j + 1)/A^ 
and when h e {hj,hj^\), the ground state is M = NI2 - j 
ifisl l22ll . In the thermodynamic limit /i = 1 is the critical 
point. Since the model [Eq. ©J is infinitely coordinated, we 
consider the partial state as a single particle state with density 
matrix still follows Eq. (O. The partial-state fidelity at hj has 
the exact form according to Eq. (01) 



Fa ^^{W^])(N^r^+ ViU+l))- 



(8) 



Fig. [T]shows the plot based on the above formula. Fa drops 
to a minimum at h - ho, the level-crossing point closest to 
the critical point he - I. Since there are no further level- 
crossing points for h > \, the partial-state fidelity maintains 
the value one. As system size increases, the minimum of Fa 
gets closer to one. It is because unlike ordinary treatment in 
the fidelity where Sh is fixed, we calculate the partial-state fi- 
delity obtained by two nearest level-crossing points. When 
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FIG. 1 : Partial-state fidelity as a function of external field strength h 
of the LMG model with different system sizes. 



dh becomes smaller, the similarity between states becomes 
higher and is reflected by the close-to-unity behavior, similar 
to that in global fidelity. 

We emphasis the comparison between neighboring partial 
states, as a realization to continuous level crossing when — > 
oo. The partial-state fidelity helps extrapolating discrete level 
crossing to continuous level crossing. 

The one dimensional Heisenberg model: The isotropic 
LMG model provides us an analytic form of the partial-state 
fidelity. Next we try to examine the one dimensional Heisen- 
berg model, which is another system that exhibits ground state 
level crossing. The Hamiltonian reads 

N 

^^Heisenberg = ^ ^ ■ S + S '.S + S '.S '.^^ - 2hS ] , (9) 



where S'^ is the spin- 1/2 operator at site /. With a ring geom- 
etry 5 J^^ I - I imposed, one can solve the spectrum by the 
Bethe-Ansatz method [231 



■Nh + Y^ 



2h- 



x^. + 1 



(10) 



where Ni is the number of down spins, and x ,■ are spin rapidi- 
ties. They satisfy the Bethe ansatz equations 02311 



1=1 



tan 



■XI 



(11) 



where Ij are quantum numbers and take values of -{Ni - 
l)/2, ■ ■ ■ ,(Ni - l)/2 for the ground state. By solving the 
Bethe-Ansatz equations numerically, the eigenenergies are 
obtained and the ground state is determined by the minimum 
eigenenergy. So are the level-crossing points. For the single- 
site subsystem A can also be characterized by the on-site mag- 
netization (cr-'), according to Eq. (|4|i again we compute the 
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FIG. 2: Partial-state fidelity as a function of external field strength h 
of the ID Heisenberg model. 



FIG. 3: Partial-state fidelity susceptibility as a function of external 
field strength h of the LMG model with different system sizes. 



partial-state fidelity at the level-crossing points by comparing 
the nearest partial states. The numerical result is shown in 
Fig. |2] We find similar features as in the LMG model such 
as a drop of Fa at the critical point, the drop becomes sharper 
and the minimum gets closer to one as system size increases. 

Partial-state fidelity susceptibility: Interested in the con- 
tinuous level crossing that corresponds to the thermodynamic 
limit, we introduce the concept of partial-state fidelity suscep- 
tibility. It is because in such case an infinitesimal change of 
the parameter is sufficiently responsible for an obvious change 
of the fidelity. The partial-state fidehty susceptibility is de- 
fined in a similar manner as 11311 : 



iA) 



lim — 

sh^o (Shy 



(12) 



The above formula combines the ability of partial-state fidelity 
in observing level-crossing transitions and the idea of global- 
state fidelity susceptibility that measures the leading response 
of fidelity to infinitesimal change of parameter. 

In finite systems, we compute by taking the natural log 
of the partial-state fidelity at hj, and the divide it by the square 
of the modulus of the range J, i.e. 6h = hj-hj+\. With this 

notion we arrive the analytic form of x'"^^ of the LMG model 
as Sh ^2 IN: 



X. 



(A) 



In 

2 



■ill 

N 



(13) 



The plot in fig. [3] shows grows with system size, and 
arrives its maximum at /io, the level-crossing point closest to 
the critical point. The response near the maximum becomes 
sharper for larger systems, indicating a divergence in the ther- 
modynamic limit. It suggests x^^'' as a smooth function of 
li in the thermodynamic limit except at the critical point. It 
diverges at h = and drops to zero when li > he- The diver- 
gence of the maximum goes like A^, since at j - 0, from Eq. 



(HI 



r 1 N 

— In -i/ 1 = — 

2 V 4 



(14) 



for large A^. 

We compute for the Heisenberg model and the result is 
shown in Fig. Sf The divergence is even sharper. Although 
the full analytic form of the x^^^ is inaccessible as the spin 
rapidities Xj form a set of transcendental equations, the critical 
exponent can be estimated by obtaining ho - hi. 

For A^l = 1, from Eq. ( fTTT) . we have 



2A^tan"' xi =0, JCi = 0. 



(15) 



The ground state energy for A^j = is simply j - Nh and that 
of A^j^ = 1 is calculated by Eq. ( fTOl ) 

N 



■Nh + 2(h-\), 

in which /iq = 1 is determined. 

For Ni - 2, Eq. ( fTTT ) consists of two equations 



(16) 



2A^tan ' xi 



_;, + 2tan-'(^l^) 
2A^tan"'jt:2 = tt -H 2tan'' 2^' )' 



(17) 



The value of x\ and X2 can be found, since by symmetry x\ - 
-X2, the above two equations become one 



2A^tan ^ X2 - n + 2 tan ' X2, X2 — tan 



The ground state energy for A^| = 2 is 



2(A^-1) 



N 

'a 



■Nh + 2 



2h- 



(18) 



(19) 
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FIG. 4: Partial-state fidelity susceptibility as a function of external 
field strength h of the ID Heisenberg model. 



Then hi is determined when Eq. (fT6] l equals to Eq. (fT9] l. that 
is 



/zi = -1 + 



(20) 



Expanding for large limit, for tan y - y for small y, we have 
/ii - 1 - and thus 



2(^-1)2 



6h — h 



■ 



2(A?- 1)2" 

The partial-state fidelity susceptibility scales like 
UN -If 



-ln^/1 - - oc 



(21) 



(22) 



which is apparently different from that of the LMG model. 

Let us make a remark. In many times, it is often to consider 
some averaged physical quantities to understand the intrinsic 
response to the driving agent. Fidelity susceptibility is one of 
them ifTilfTsll . But for the partial-state fidelity susceptibility. 



we have already focused on a part of the system. Such a local 
response to the global driving has already played a role as a 
certain averaged quantity. So we believe, supported by the 
two distinct models above, the divergence of the partial-state 
fidelity in continuous level crossing could be a general feature. 
Its divergence in the isotropic LMG model may be related to 
the y ^ \ limit of the averaged fidelity susceptibility driven 
by external field in ifisll . 

We introduced the partial-state fidelity susceptibility for- 
malism derived from the partial-state fidelity and showed it is 
a suitable candidate to describe quantum phase transitions in- 
duced by continuous level crossing, which global-state fidelity 
cannot provide information to. Focusing on a subsystem, the 
partial-state fidelity susceptibility still diverges in the thermo- 
dynamic limit. The sudden drop-to-zero indicates the critical 
point of the system. 

By examining two models, the isotropic LMG model and 
the one dimensional Heisenberg model, we started from the 
discrete level crossing and extrapolated to the thermodynamic 
limit which corresponds to continuous level crossing. We find 
the maximum of the partial-state fidelity susceptibility goes 
like for the LMG model and A^^ for the Heisenberg model, 
indicating they belong to different universality classes. The 
former one could be treated as a complement to the fidelity 
susceptibility analysis in the LMG model 1 18]. 

We demonstrated the calculation for a single-site partial 
state. However, the partial-state fidelity susceptibility shall 
not be limited to (sub)systems with definite magnetization, 
because it can still be well-defined for two-particle or many- 
particle partial states, yet not for all-particle (global) states. 
The partial-state fidelity is a new approach to tackle QPTs, 
studying its leading order which is independent of the small 
change of the driving parameter helps understanding the con- 
tinuous level crossing QPTs as well as to determine the criti- 
cal points. We hope this encourages discussions on the related 
topics. 

Note added: After finishing this work, we received a 
preprint from XG Wang, in which the fidelity and its suscep- 
tibility of two-site partial state in the LMG model are studied 
101. 
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